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In this part we present the algebraic calculus computations related to the Hamiltonian
equations of motion for the Jupiter — Saturn subsystem. Also we give a comment on
the methods of the solution for the system of linear and nonlinear differential equations
describing the motion of this subsystem.
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1. Methods and results
1.1. FEquations of motion

For the J-S subsystem, the original first order Hamiltonian equations of motion, in
terms of the H. Poincare* variables are given by:

dL, 0F; dX, 0Fy dH, O0F

At~ O\, dt 0L, dt ~ 0K,

dt ~  9H,  dt  0Q. dt 0P,

K, oF,  dP, OF  dQ,  OF
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L, )\, H, K, P, Q are the Poincare’ variables. © = 5, 6 for Jupiter and Saturn.

Lu = Bu V kaOmOuau )\u = lu + @y

H, = \/2Lu (1 /1o eg) CoS 2)
Ky =— \/2Lu (1 /1o eg) Sin wy
P, = \/2Lu\/1 —e2 (1 —cosiy) cos

Qu = V2L /T =% (1 — cosi) sin®, ®)

I =I, + Fyy

where:
Fi, — first order secular Hamiltonian,
Fy, — first order periodic Hamiltonian.

So we may cite:

d(LuaHuvpu) o a(-Fls+-F1p)

dt 0 (A, Ku, Qu)
(4)
d()\uaKquu) a(Fls+Flp)
dt oL, H.p,) (“=%0)
2. Algebraic calculus computations
We have:
dH, 0Py  OYn O .
= 5Xe — 25 5Xg — 25 5
at oK, T ok, e~ Phs) + G sin (526 — 24) (5)
0o ok*momosBs08 [ 1 ,(5.6) 1 (5,6)
= E— ’ K ’ K 6
0K L2 4Ls JoKs 4TI ? ¢ (©)

0o ok*momosBsBs [ 1 (5.6 1 (5,6) }
— OV K+ ———— YK, 7
0K L? aLe"?  7° T 4VLsLs Jom ks ™



A Semi—Analytic First Order ... 235

0
8[12 —U1 (6H5K5) — Uz (2Hs K5 + 2H5Kg) — Us (2HeKg) — Us (2P5Q5)
(8)
—Us (2PsQ¢) + Uz (PsQe + PsQs)
0
8112 — Uy (2H5K5) — Us (2H6 K5 + 2H5Kg) — Uy (6HeKg) — Us (2P5Qs5)
9)
—Uy (2PsQ¢) + Uro (P5Q¢ + PsQs)
0
8—}2 U (3K2 — 3H?Z) + Ur2 (2K5 K¢ — 2H5 Hg) + Uys (—HEG + K§)
(10)
+Uss (P + Q2) + Uis (—P; + Q) + Urr (PsPs — Q5Qs))
0
8;2 Ui (—H52 + K52) + Uss (—2H5Hg + 2K5K¢) + Ura (—3H§ + 3K§)
(11)
,+Uis (P2 4+ Q2) + Urg (—P§ 4+ QF) + Uszo (PsPs — Q5Qs)
whence:
dH; ok momogBs 88 Lf(sﬁ)K n 1 (5,6)
dt L2 405" P 4 TaLg"?

H{—U\ (6H5Ks5) — Us (2Hs K + 2Hs Kg) — Us (2Hg K)

—Us (2P5Q5) — Us (2PsQs) + Uz (P5Qs + PsQs5) } cos(5X6 — 2Xs5)
(12)

U1 (3K3 —3HZ) + Uy (2K5 K6 — 2Hs He) + Urs (—Hg + K3)

+Uss (P + Q2) + Uis (—P; + Q3)

+Ur7 (PsPs — Q5Qs) } sin(5Ag — 2)5)
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and
dHg ok*momosBs05 [ 1 ,(5.6) 1 (5,6)
= _ ’ K - ’ K
dt L2 L2 Kot 4ILe"?

+{-Us (2H5K5) — Us (2Hs K5 + 2H5 Kg) — Uy (6Hg K)

—Us (2P5Q5) — Uy (2PsQs) + Ui (PsQs + PsQs5)} cos(5As — 2)5)

+{Urs (~HZ + K2) + Urs (—2H5 He + 2K5K5)
+U14 (—3H§ + 3Kg) + Uss (_P52 + Qg) + U (—P§ + Qé)

+Uz0 (PsPs — Q5Qs) } sin(5Ag — 2)5)

Neglecting terms of the third degree in H, K, P, Q.

Similarly:

dK,
dt

_ %o
OH;

_9%
OH,

o
OHs

ou
O0Hg

0 0 0 .
_a;/;_i — 8;31 cos (5Ag — 2)s5) — aj-/;-i sin (5 — 2As5)
ok*momosBsB85 [ 1 .(5.6) 1 (5,6)
B il N PRS0 ~ AT S & §
L2 457 7 T AL T
ok*momos 3583 [ L .6 1 (5:6) ]
- P Y He 4+ ———fV H
2 AL¢"? T 4 IaLe Y TP

+Us (—P2 + Q2) + Us (—P§ + QF) + Uz (PsPs — Q5Qs)

+Us (—P3 + Q%) + Uy (—P§ + QF) + Uro (PsPs — Q5Qs)

Uy (3KZ — 3HZ) + U, (2K5Kg — 2HsHe) + Us (—Hg + Kg)

Us (K2 — H?) + Us (2K5Kg — 2H5Hg) + Uy (—3Hg + 3K3)

(13)

(18)



o
OHj

o
0Hg

whence:

dKs
dt

dKg
dt
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= Un (6H5K5) + Uss (2H6K5 + 2H5K6) + Uiz (2H6K6) + Uss (2P5Q5)

(19)
+Ui6 (2PsQe) — Ur7 (P5Q6 + PsQs5)

= U2 (2H5K5) + Uy3 (2Hs K5 + 2H5 K¢) + U14 (6Hs Kg) + Uis (2P5Q5)

(20)
+U19 (2PsQs) — Uao (P5Qs + PsQs)

oktmomossB3 [ 1 oy 1 66
L2 AL TP T 4T ?

+{Uy (3K2 — 3HZ) + U, (2K5 K¢ — 2HsHg) + Us (—Hg + K§)

Hg

+Us (—P2 + Q2) + Us (—P§ + QF) + Uz (PsPs — Q5Qg) } cos (5A6 — 25)
(21)
+{U11 (6H5K5) + U12 (2H¢ K5 + 2H5K¢) + U1 (2H Kg)

+U15 (2P5Q5) + Ui (2PsQ6) — Urr (PsQs + Ps@s) } sin (A — 2A5)

_oktmomosfs B [ 1 0

1 (5,6)
—_— H, ' H,
Lg 4L6 2 6+ 5

4VIL5Ls"°

+{Us (—HE + K2) + Us (—2Hs Hs + 2K5 K¢) + Uy (—3HZ + 3K?)

+Us (—P2 + Q2) + Uy (—P§ + QF) + Uro (PsPs — Q5Q6) } cos(5As — 2)5)
(22)

+{U12 (2H5K5) 4+ U3 (2H6 K5 + 2H5K) 4+ U4 (6 H K)

+U1s (2P5Q5) + Urg (2PsQs) — U (P5Qs + PsQs)} sin(5A¢ — 2X5)

We have also:

dpPy _ Oy Oy B Ny . B
7 = 20, + 90, cos (BAg — 2X5) + 90, sin (5A¢ — 2A5) (23)
) ok*momocSs 3 1 .56 1 (5.,6)
_ _ L e L 6 24
9Qs L3 YL N PR 29
0o ok*momosSs 3 [ 1 .56 1 (5,6) }
_ _ 1 : 25
90 12 L8 O T s @ (25)
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o
Qs

o
IQs

%2
Qs

s
Qs

whence:

ap;
dt

i)
dt
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—Us (2H5Q5 + 2K5P5) + U7 (K5 Ps + H5Qs) — Us (2H Q5 + 2K Ps)

(26)
+Uio (K6 Ps + HQs)

—Us (2H5Q¢ + 2K5Ps) + U7 (K5Ps + H5Qs5) — Uy (2HeQe + 2K Ps)

(27)

+Uo (Ko Ps + HeQs)

Uis (—2H5Ps 4+ 2K5Qs5) + U17 (= K5Q6 + Hs Ps) + Urg (—2He Ps 4 2K6Qs5)

(28)

+Uz0 (—K6Q6 + HePp)

Ui (—2H5Ps + 2K5Q¢) + U7 (—K5Q5 + Hs5Ps) + U1g (—2He Ps 4+ 2K6Qs)

(29)

+Uz0 (—K6Qs + HePs)

1
44/LsLg

+{—Us (2H5Q5 + 2K5P5) 4+ U7 (K5 P + H5Qg)

E*mom 3 1
o 0mo6 8553 7f§5,6)Q5+

_ (5.6)
L2 4L I Qs

—Usg (2H6Q5 + 2K6P5) + Uno (K6P6 + HﬁQG)} COs (5)\6 — 2)\5)
(30)
+{U15 (—2H5P5 4+ 2K5Q5) + U17 (—K5Q6 + H5F5)

+U1s (—2HePs + 2K6Qs5) + Uz (—K6Qg + He Ps) } sin(5Ag — 2)5)

ok*momoeBs 58 1 .50 1 (5,6)
2 T A

+H{—Us (2H5Q6 + 2K5FPs) + U7 (K5 P5 + H5Qs5)

—Uy (2H6Q6 + 2K6P6) + Uno (K6P5 + H6Q5)} Ccos (5)\6 — 2)\5)
(31)
+{U16 (—2H5Ps + 2K5Q¢) + U17 (—K5Q5 + HsPs)

+U1r9 (—2HePs + 2K6Q¢) + Uz (—K6Q5 + He Ps) } sin(5Ag — 2)5)



Similarly:

dQu
dt

_9%
oP;

_9%
0Fs

_ O
op;

_on
OPs

o
OP5

_0v2
OPs

whence:

aQs
dt
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1o} 0 0 .

a;ﬁz — 811/;11 COSs (5)\6 — 2/\5) — aldgi Sin (5/\6 — 2)\5) (32)

ok*momosBs B3 { 1 5.6 1 (5,6) ]

oRMOMosP5P6 | 2 p66p 50 p 33
L% 4L5f3 5+4 L5L6f3 6 ( )

ok*momos 3553 1,656 1 (5,6)

gE Momoessls | ___ (56 p 56 p 34
L2 i Pt (34)

Us (—2H5Ps + 2K5Q5) + U7 (Hs Ps — K5Qs) + Us (2K6Q5 — 2Hg Ps)

(35)

+Uyo (He Ps — K6Qs)

Us (2K5Q¢ — 2H5Ps) + U7 (HsPs — K5Qs5) + Ug (2K6Qs — 2He Fs)

(36)

+Uio (He Ps — K6Q5)

Uis (2K5P5 4+ 2H5Q5) — Ui7 (K5 Ps + H5Qg) + U1s (2Hs Qs + 2K6 Ps)

(37)

—Uso (K6 Ps + HeQs)

Ui (2K5Ps + 2H5Q¢) — Ur7 (K5 Ps + H5Qs5) + U1g (2K6Ps + 2HgQs)

(38)

—Uso (K6 Ps + HsQs)

ak*momogBs 83 IRET) 1 (5,6)
_ IR TROT06P5P6 | = £(5.6) p P
AV R

L2 4Ly 73
+{Us (2K5Q5 — 2H5P5) + Uy (H5 Ps — K5Qg)
+Us (2K6Qs — 2HePs) 4 Uo (He Ps — K6Qs)} cos (5Ag — 2X5)
(39)
+{U1s (2K5P5 + 2H5Q5) — Ur7 (K5 Ps + H5Qs)

+U1s (2K Ps + 2HsQs) — Uzo (K6 Ps + HQg) } sin(5Xs — 2A5)
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Qs
dt
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oktmomosfsB [ 1 sop 1 o)
L2 AL"® 4yLsL"*

+{Us (2K5Q¢ — 2H5Ps) + Uz (H5Ps — K5Q5)

Py

+Ug (2K6Qs — 2Hg Ps) + U (He Ps — K6Qs5) } cos (5 — 2)5)
(40)
+{U16 (2K5Ps + 2H5Qg) — U17 (K5 P5 + H5Qs5)

+U19 (2K6Ps + 2HsQs) — Uao (K6 Ps + HeQs)} sin(5A¢ — 2)5)

The U’s and the f’s are functions in L5, Lg.
We have for the variables L, A,; u =5, 6.

dL,
dt

dLs

dt

0o 0

N + a [{Tﬁl cos (5/\6 — 2/\5) ~+ )9 sin (5/\6 — 2)\5)}] (41)
20k*mom, 3
OL? oo/ {UL(HE — 3H5K3) + Us(HgHE — He KZ — 2H5 K5 Kg)
6

+Us(HsHE — Hs K2 — 2HK5Kg) + Uy(HS — 3HgK?)

+Us (HsP3 — HsQ2 — 2K5PsQs5) + Us (Hs P — HsQf — 2K5P5Qs)]
+U7 (K5 PsQs + K5 PsQ¢ — Hs Ps Ps + H5Q5Qs)

+Us (HoP? — HeQ? — 2K¢P5Qs) + Uy (He Py — HeQf — 2K6PsQs)
+U1o (K6 PsQs5 + K¢ PsQs — He Ps Ps + HeQ5Qs) } sin (5A¢ — 2X5)  (42)
—{U11 (K3 — 3K5H?) + Uiy (-KeH? + KgK; — 2H5; HgKs)

+Uss (—Ks5HG + K5 K§ — 2H5 HoK) + Ura (K§ — 3KGHY)

+Uss (—K5P8 4 K5QF — 2Hs5 P5Qs5) + Ure (K5Qf — K5 P5 — 2Hs PsQs)
+Ur7 (K5P5Ps — K5Q5Q6 + Hs PsQ5 + H5 P5Qs)

+Uss (KeQ2 — K6 P2 — 2HgP5Qs) + Urg (KeQf — K¢ Pg — 2He PsQg)

+Us (K6 PsPs — KeQ5Qs + HeQsPs + HePsQg)} cos (5A — 2)s)



L,
dt

and
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50k momos 8588
L2
6

[—{U: (H - 3H5K?)

+U, (HgHZ — HeK? — 2H5K5K)

+Us (HsHg — HsK§ — 2HeK5Keg) + Uy (H§ — 3Hg K§)

+Us (HsP; — H5Q2 — 2K5P5Q5) + Us (Hs Py — H5Qf — 2K5PsQ)
+Ur (K5P6Q5 + K5 P5Qe — Hs Ps P + H5Q5Q6)

+Us (HePZ — HeQZ — 2K P5Qs)

+Uy (He P} — HeQf — 2K PsQ6)

+U1o (K6 PsQs + Ko PsQ¢ — HePs Ps + HeQ5Qs) } sin (5A¢ — 25)

+{Un (K2 — 3K5HZ) + Ura (—KeHZ + Ko K2 — 2H5 HgK5)

(43)

+Uss (—K5HG + K5 K¢ — 2Hs HoKe) + Ura (K — 3KGHY)

+Uss (—K5P? + K5Q?% — 2H5P5Q5)

+Uss (K5Q3 — K5P§ — 2H5 PsQs)

+Ur7 (K5 PsPs — K5Q5Q6 + H5 PsQ5 + H5 P5Qs)

+U1s (K6Q3 — Ko P3 — 2HsP5Qs)

+Uyy (K6Qf — KeP§ — 2HgPsQs)

+Uz0 (K6 Ps Ps — K6Q5Q6 + HeQs5 P + HoPsQs)} cos (5A6 — 2)5)]
% = fgfz - gﬁi cos (5Ag — 2Xs) — gﬁz sin (5A — 25) (44)



242 Kamel, O. M. and Soliman, A. S.

We find that:

4,2 3 4 3 Ly 2 _ 1.
0o E*mgmosBs  ok*momosfBsBs | 1 0f1 5aL; — J2
dLs L3

e/ (H? + K?
L2 2 0Ls 8L2 (H5 + K5)

(£s5t:

f
_8L23) (P24 Q2) + 22 g2

K2
SLo oL, (o + K5)
(45)
Ofs
1 9fs 2 (2L5‘9L5 B f3>
T SLgdLs (P§+Q3) + W (PsPs 4+ Q5Qs)
<2L5 gﬁ: f9) HsH, Ky K,
SLg/zLé/Q ( 5416 + 5 6)
LU k4m%mogﬁg ok*m m, [ Bg f2
—_ryY — _ _ 0 06 H K
dLg L} L} ! ( 3+ IG)
Js 2 Js
4L ( 5+Q5) 4L (H6+K6) 4L (P6 +Q6)
f3 fo
(PsPs + Q5Q6) + ————75 (HsHe + K5 Ks)
2 (LsLe)"? 2 (LsLg)"/?
okmomosBs 88 [1 0f1 1 0fq
* L2 20Lg ' 8Ls dLg (H + Kz) (46)

o2
1 0fs 2 ( 6oL f2) 2 2
@TLG(PmLQs)JFT(HmLKG)
( OLG f3>(

8L2

<2L6 8L5 f9>
Ry (HsHe + K5Ks)
LY L3

(2L6 BL f3>
PE+Q3) + W (PsPs + Q5Q6)
L2




oY

dLs

9

O0Lg

Oy

dLs
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8U1 8U2

L. (H? — 3H5K?) + 9L, (HeH; — He K3 — 2K¢H5K5)
| OUs U,
oL, (HsH§ — Hs K§ — 2K5HgKg) + L. (H§ — 3HGKg)
oU. U,
8L5 (HsP? — HsQ? — 2K5P5Q5) + 8L6 (HsP§ — HsQf — 2K5PsQs)
U

+8LZ (K5Qs5Ps + K5 PsQg — Hs Ps Ps + H5Q5Qs) (47)
aU, oU.

o (HoP? — HeQ2 — 2K PsQs) + 7 (HePg — HeQ3 — 2K PsQs)
OLs OLs
oU

oL 0 (KeQsPs + Ko PsQs — HePsPs + HsQ5Qs)

oU,y oU, 2 2

H3 — 3H5K2) + =22 (HgH2 — HsK?2 — 2K¢H5 K.

8L6<5355)+8L<65 6445 655)
8U3 8U4

4= DL (HsH§ — HsK§ — 2K5HgKg) + BT (Hg — 3HGKg)
oU. U

tor, (HsP3 = HsQf = 2K5P5Qs) + 572 (Hs P — HsQf = 2K5PoQo)
U
8L; (K5Qs5Ps + K5 PsQg — Hs Ps Ps + H5Q5Qs) (48)
oU, oU.

g, (HeP? = HeQ = 2KePsQs) + 50> (HoPf = HeQf = 2K o)
oU

+ 8L160 (K6QsPs + Ko PsQ¢ — HePs Ps + HsQ5Q6)

Ol (K2 — 3K5HZ) + OUsz (KeK2 — KgH? — 2Hs Hs5 K)

dLs OLs

+ s (KsK§ — KsH§ — 2HsHeK) + Ol (K§ — 3KHY)
8L5 8L5
oU oU

+5 L“’ (K5Q2 — K5 P3 — 2H;P5Q5) + s © (KsQ2 — KsP? — 2H5PsQs)
oU

+ 8L157 (K5PsPs — K5Q5Q¢ + H5Q5Ps + H5P5Qs) (49)
oU oU

+ 0 (KeQ2 — Ko P2 — 2HoPsQs) + - (KeQ2 — Ko P? — 2HsPsQs)
OLs OLs
oU.

+ 2 (KPsPs + HsQs Ps + He PsQs — KsQ5Qs)

OLs
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O¢a
0Lg

Therefore:

dXs
dt
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3L (K2 —3KsHZ) + L. (KeK3 — KgH? — 2HgH5 K)
oU oU
+ 2 (K5 K2 — KsHZ — 2Hs HoKg) + e (K2 — 3KGHZ)
0Lg OLg
8U15 2 2 8U16 2 2
+ (K5Q% — KsPJ — 2H5P5Qs5) + (K5Qf — KsP§ — 2H5PsQg)
8L6 8LG
oU,7
+—o 0L (K5PsPs — K5Q5Q¢6 + H5Q5Ps + H5 PsQ¢) (50)
ouU oU
+ 8L168 (K6Q2 — Ko P2 — 2Hg PsQ5) + Lo 19 (K6Qf — Ko Pg — 2HgPsQs)
+ 9L, (KePsPs + HeQ5Ps + He PsQs — KcQ5Q6)

of
k'mimosB3  ok*momosBsBy |1 0f: M

— - 2 2
L} L2 20Ls 8L2 (Hs + K5)
8fa _f )
( 3 1 0fs
_ P2 2 - H2 K2
8L§ (15 +@3) + 31, o, (o + Ko)
9fs
L 0fs (o 2 (2L53 B f3)
+*@87L5(P6 +Q6)+W(P5P6+Q5Q6)
(22582 — 1)
W (HsHe + K5Kg)
oU oU.
[aLl (H? — 3H;K2) + 8L2 (HoH? — HoK? — 2KoH5K5)
8U3 8U4
+ = L (HsHE — HsK§ — 2K5HgKe) + 9L, (H§ — 3HGKE)
oU;, oU,
+ 520 (Hs P2 — HyQ2 — 2K5PsQs) + o~ (H3P? — HsQZ — 2K5PsQs)
5‘L OLs
oU
+ 8L7 (K5Qs5Ps + K5 PsQg — Hs P5 Ps 4 H5Q5Q6) (51)
oU, oU,
+ = (HeP? — HoQ3 — 2K¢P5Qs5) + 2 (H¢P; — HoQf — 2K PsQs)
OLs 8L5
oUio

+ (K6QsPs + K¢ PsQg — He Ps Ps + HsQ5Qs) | cos (5Ag — 2As5)

OLs
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OUn (K2 — 3KsH?) + U1z (KsK2 — KgH? — 2HgH5 Ks)
8L5 aLE)
+ 9SS (gy K2 — Ky HE — 2Hy Hi i) + 20 (K — 3K HY)
OLs OLs
oU. oU:
+ or. (KsQf = KsP = 2HsPsQs) + 7 (KsQf — Ks Py — 2H5 Qo)
oUy7
+ Ls (K5PsPs — K5Q5Q6 + H5Q5Ps + HsP5Qs)
oU oU
+ oL, (KeQS = KoPf = 2HePsQs) + 5= (KoQf — Koy = 2Hs PoQs)
Uz .
+ OLs (KePsPs + HeQs5Ps + He PsQs — KsQ5Q6) | sin (5A¢ — 2Xs5)
dXe k*m3mos s ok*momosBsBs Jo Js
ﬂ = OLg : Lg : 4L (H52+K5) 4L5 (P5+Q5)
5
fa f3
+ Lﬂ (P5Ps + Q5Q6) + % (HsHg + K5Ks)
2(LsLe)" 2(LsLe)"
ok*momosBs65 [1 0f1 1 0fy
B L2 20L¢ ' 8Ls dLg (H5 + K5)

1 of oo — f2
_8L58LZ(P52+Q§)+< 8L2 )(HngKg)

af3 f) 2L, Ofs —f

69L; — I3 9 9 ( 69Ls — /3
- ‘(P -~ 7 (PP

SL% (P& + Q) + SLL (PsPs + Q5Qe)

(2L622 - o)

+W (H5H6+K5K6) (52)
6

8U1 8U2
[8L6 (H2 — 3H5K2) + —— oL (HgH: — He K3 — 2K¢H5K5)
8U3 aU4
+ﬁ (HsH§ — Hs K§ — 2K5HgKg) + L. (Hg — 3HgKg)
8U5 U

(HsP? — HsQZ — 2K5P5Q5) + (HsP§ — H5QF — 2K5P5Qs)

toLs oL
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oUr
+8 (K5Q5Ps + K5 PsQ¢ — HsPs Ps + H5Q5Q6)
U,
+3—LZ (HP2 — HeQ? — 2K PsQs)
oU,
+87L9 (H¢P§ — HeQf — 2K PsQs)
U
+ L (K6QsPs + K¢ PsQ¢ — HgPs Ps + HsQ5Qs) | cos (5A — 2As5)
oU,y oU12
5 L; (K3 = 3K HE) + I (KoK2 — KgH2 — 2Hg H5 K5)
oU oU
+ 2 (K5 K2 — KsHZ — 2Hs HoKo) + - (K2 — 3KGHZ)
0L6 aLﬁ
8U15 2 2 6U16 2
+ (K5Q3 — KsPZ — 2H5 P5Qs5) + (K5Qf — KsP§ — 2H5PsQg)
OLg 8L
U7
+ 9L¢ (K5P5Ps — K5Q5Q6 + H5Q5Ps + HsP5Qg)
oU oU
+ 6L18 (KeQ3 — Ko P? — 2HsP5Qs) + DLs 1 (KeQj — Ko P§ — 2HgPsQs)
0Us .
+ 9L (KePsPs + HeQs5Ps + He PsQs — KcQ5Qs) | sin (5Ag — 25)

The f’s and the U’s are functions in L5, Lg.

3. Methods for the solution of the equations of motion

The system of differential equations of motion is reduced to the following secular
linear set; when we neglect terms of degree higher than the second in the Poincare’

variables H,, K, Py, Qu, © =5, 6.

dH;

— = K K
i p1iss + p2 K¢
dKs

955 _ o Hs + poH,
i Psils + pells

and

dP;

T po@s + p10Qs

d

c?ts = p13FP5 + p1aFs

The p’s are functions of Ls, Lg.

dHy
— = p3 K, K
a p3fis + patie
(53)
dKy
56 _ poHs + psH
i prils + pglis
dP;
e p11Q5 + p12Qs
(54)

dQs
— = P P,
i P15L5 + prete

Evidently there exists for this set (53), (54) the

analytical, well known solution of Laplace — Lagrange for secular perturbations.
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But when we take into consideration the non — linear terms of the R.H.S. of Eqs(4),
we do not have a general analytical solution, it depends on the expression of the
system. We can make some approximations to simplify the system of differential
equations. We can from time to time find some solution or some approximation of
the solution. By adding some hypothesis on the parameters of the system, we can
have some solution as a series. There are numerical methods to resolve non linear
systems (you can see it in many numerical analysis books). For every collection of
numerical values of the parameters, we can search a numerical value of the solution,
but we must be sure in advance that the solution is unique, near the particular
values of the parameters, we have fixed. So, we can construct point by point the
numerical solution. Alternatively, we may substitute the values of H,, K, P,, Qu
obtained from the secular perturbation equations (53), (54) in the R.H.S. of Egs.
(12), (13), (21), (22), (30), (31), (39), (40), (51), (52), as an approximation, to get
the values of d(H,,, Ky, Py, Q.)/dt and repeat the process several times till we
acquire the same numerical results, namely the successive approximation method.
Afterwards we integrate to find the values of H,(t), K,(t), Py(t), Qu(t) at any
epoch. For the variables )., we may use the formula A = n (t — to)+ tan~! (%),
where A is the mean longitude, to refer to the initial time and n = /i a=3/2.
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