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Abstract We report the formation of extreme large-intensity pulses in an optically modulated CO2 laser. The sudden unexpected
surge from the bounded chaotic motion into occasional expansions occurred in the system, which is rare but appears in an infrequent
time interval. The CO2 laser exhibits unforeseen extreme pulses owing to the dynamical process of grazing-sliding bifurcation.
To acquire a deeper understanding of its intricate dynamics, we have performed various comprehensive dynamical and statistical
analyses that elucidate the transition of extreme pulses, and their emerging mechanisms. In addition, we have presented a prior
anticipation technique of rare large-intensity pulses that will be shedding into the light for some specific applications.

1 Introduction

Recently, a wide range of research has addressed the distinct formation of various catastrophic events, namely rogue waves in
hydrodynamics and optical system [1-3], rare but recurrent unexpected large-amplitude events in a different complex systems [4-6],
as well as the natural extreme events such as, earth-quicks, cyclones, droughts, and share market crashes [7]. Precisely, in the past few
decades, the complex dynamical systems of neuron models [8—11], lasers [12—15], mechanical systems [16, 17], electronic circuits
[18, 19], coupled systems [20, 21], and networks of oscillators [22-24] studied in details to ascertain its dynamical origin and
different formations. Importantly, the laser models have received significant attention owing to their novel applications. Especially,
their utilization is involved in the largest parts of medical treatments, as well as science and engineering appliances. The prime
goal of exploring various comprehensive analyses of distinct catastrophic dynamics would have substantial benefits in developing
an effective prediction technique and improving mitigation analogies. In recent years, a few natural extreme events have led to
a prodigious impact on the environment and human life. As a consequence, an extended rigorous understanding of the distinct
formation of extreme events in various complex systems is still a demanding problem to attain the aforementioned intent.

Different emerging mechanisms, as well as transitions of extreme events or rogue waves, have been explored in a diversified class
of laser models [12, 13, 25-28]. The innovative work done by Solli et al. reported in Ref. [12] explored the emergence of rogue
wave in optical experiment which creates a new inroad to identify the substantial possible in the formation of extreme large-intensity
pulses in various optical systems. Mercier et al., [13] reported the pivotal role of phase-conjugate feedback and time delay effect
in the formation of various types of extreme events in a laser diode. In a spatially extended microcavity laser, a specific kind of
deterministic spatiotemporal chaotic dynamics induced extreme events illustrated using numerical and experimental studies [25]. The
concurrent appearance of rare large-intensity pulses and hyperchaotic dynamics via distinct routes namely, quasiperiodic breakdown
to chaos followed by extreme pulses via crisis-induced intermittency dynamics, quasiperiodic intermittency, and Pomeau—Manneville
intermittency has been illustrated in a higher dimensional system of Zeeman laser model [26]. Besides, a mid-infrared quantum
cascade laser exhibits burst-like extreme events with the influence of external optical feedback and later explored the aspect to set
up this model as an all-optical neuromorphic system [27]. The prominent types of intermittencies which lead to the occurrence of
large-intensity pules in a higher dimensional laser model and the impact of noise and time delay in their distinct transitions from
regular or chaotic dynamics to extreme large pulses are illustrated in details in Ref. [28].

It has reported that different configurations of CO; lasers were used to demonstrate various complex dynamical behaviors [16,
29-34]. Over three decades before, CO, laser was used as one of the pioneering experiments to verify desperate nonlinear behavior
due to its versatility, as well as the flexibility of their realization [30, 31]. The different classifications of laser spiking, regular, and
irregular self-pulsation dynamics studied in CO; laser using instantaneous or delayed modulation parameters [32]. Stabilization of
unstable periodic orbits embedded with discrete strange attractors illustrated using numerical and experimental studies in a loss-
driven CO; laser [33]. Roy et al. studied in Ref. [34] synchronization dynamics in a different configurations of CO; laser. In addition,
CO; laser is involved in widespread usages in the material manufacturing process, medical appliances, and military operations [35,
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36]. Remarkable, advantages of CO» laser in medical treatment play a virtual role in different stages. For example, CO; laser-based
equipment acted as a paramount, accurate, and risk-free to proceed discrete dermatology surges [37]. Besides, it is expedient in
other medical fields such as neurosurgery, plastic surgery, and otorhinolaryngology discussed in detail Ref. [38]. Certainly, it is of
substantial importance to understand the formation of distinct anomalous behavior in the CO; laser, for the better utilization of the
aforementioned applications. Recently, the periodically modulated CO, laser elucidates the formation of extreme and superextreme
events through nonlinear resonance route [29]. Later, an extensive analysis of this CO; laser revealed that extreme events emanating
via stick—slip bifurcation [16] when the trajectories appear closer to the discontinuous region of the system. However, in this present
study, we have explored the appearance of extreme pulses through the dynamical process of grazing-sliding bifurcation in a modified
version of CO; laser using various statistical and dynamical analyses.

The remaining part of the paper is presented as follows: the description of optically modulated CO; laser and its parameter’s
detail given in Sect. 2. Numerical simulation results of transition to extreme pulses from the bounded chaotic dynamics and their
origin are discussed using relevant measures in Sect. 3. The mechanism behind the formation of extreme pulses in the considered
model is explored in detail in Sect. 4. The penultimate section elicits the possible prediction of extreme pulses in the CO; laser. In
the final section, we have explained the overall summary of our results.

2 CO; laser model

We have considered an optically modulated CO, laser model [34, 39], in order to demonstrate the various intricate dynamics in the
system including extreme large-intensity pulses. The governing equations of the model in the normalized form are given as follows:

X =x[l1(y — 1.0 — Kk sin? z) — lze cos(l2t)]
y=—(y—n)—2xy

. rx
z_—l4<z—b+1+§x>. )

Here,ly = ko/y,lbo =)y, I3 =k/y,la = B/y,n = %,r = % ,and ¢ = "7]‘0 are the normalized system parameters. Here, ko
and k denote cavity length and total transmission time in the model system. Besides, No, 8, 2, ¥, R, and V), signify the pumping
power, damping rate, frequency of the driving modulation, nonlinearity of detection apparatus, total gain feedback, and half-wave
voltage. The parameter « represents the coupling coefficient value which is used for both laser intensity and population inversion
of the system; more details of the model are given in Refs. [34, 39]. For different values of r, modulation depth €, and bias voltage
b, we have identified distinct complex dynamics in the CO; laser.

We have solved the system Eq. (1) using 4™ order Runge—Kutta method using the step size of 0.001. Throughout this paper,
unless otherwise mentioned, we have fixed the system parameters value of /1 = 28.57, [, = 30.0, 13 = 25.0,l4 = 6.452,n = 4.0, b
=4.5, and ¢ = 25.57 based on the Ref. [34]. Further, for a fixed » = 200 and gradually increasing the modulation depth value € in
a specific range, the CO, laser exhibits different convolution dynamics. More details on the formation of extreme events, as well as
their transition, will be explored in the upcoming sections.
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Fig. 2 Temporal dynamics and phase portraits of CO; laser: (a) and (b) bounded chaotic dynamics, (¢) and (d) extreme pulses appear from the bounded
motion in irregular time intervals. Horizontal red lines in the time series of (a) and (¢) denote the significant height threshold Hy

3 Extreme pulses in CO; laser model

In this section, we elaborate on the formation of unforeseen extreme pulses in the CO; laser. First, we have presented a one parameter
bifurcation diagram for the fixed system parameters as mentioned in the previous section and for fine-tuning of € € (1.62, 1.67) in
Fig. 1. The system oscillates within a bounded chaotic state for the control parameter values € < 1.6415. When we slightly increase
€ > 1.6415, the CO;, laser manifests occasional extreme pulses from the bounded region. To ascertain the appearance of extreme
events in the system, we have calculated a significant height threshold Hy, which is plotted as a red line in the bifurcation diagram of
Fig. 1. The qualifier threshold is defined as Hy; = (y,) + no, where y,, = Y4y i the local maxima of time series and o denotes its
corroborate standard deviation. Here, we have taken the value of n = 6 for our analysis. It can be obtained from Fig. 1, for a range
of chaotic state € € (1.62, 1.6415), the qualifier threshold placed over the chaotic attractors. Conversely, for the range modulation
depth values € € (1.6416, 1.6645), the extreme pulses cross the significant height threshold. Once again, the Hy values are located
above for the large expanded attractors as well, since for the parameter values € > 1.6645, the CO; laser reveals more frequent
large expansions. According to the fundamental definition, the multiple existences of large-intensity pulses cannot be classified as
extreme events.

Further, to elucidate more details on the formation of large-intensity pulses from the bounded chaotic states, we have plotted
distinct time series and phase portraits as shown in Fig. 2a—d. The time series of y(#) manifests chaotic dynamics for € = 1.6415
depicted in Fig. 2a; here, the system oscillates within a specific range of the bounded region. Its equivalent phase portrait is shown
in Fig. 2b. On the other hand, for a further slight increase of € = 1.6416, the CO, laser proves occasional extreme pulses from the
bounded chaotic motion in an irregular time durations that represented in Fig. 2c. The time series plots of Fig. 2a and c clearly
denoted that the qualifier threshold placed above for chaotic states, whereas the extreme pulses cross the significant height threshold
H;. The phase portrait of extreme large-intensity events is proved in Fig. 2d. Remarkably, when the trajectories approach very close
to the discontinuous boundary at zero, a specific kind of sliding motion appears in the system. As a result, abrupt extreme pulses
appeared in the system. More details on how these unexpected large deviations occur and the relevant mechanism behind them will
be explained in the following section.
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Fig. 3 Probability distribution functions: (a) chaotic state at e = 1.6415, the distribution confined in a bounded range, and the Hj line placed away from the
bounded region. (b) Lower probability of occurrence of extreme pulses in the tail region which crosses the significant height threshold for € = 1.6416. In
both (a) and (b), the vertical-dashed lines signify the extreme events’ qualifier threshold. (¢) Inter-event intervals distribution of extreme events time series
for € = 1.6416 proves a Poison-like distribution and fitted by an exponential function (black-dashed line)
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Fig. 4 a The two-parameter phase diagram in the € versus r plane manifests the existence of bounded chaos (dark magenta), extreme pulses (dark cyan),
and multiple large-intensity pulses (yellow) in a wider parameter range. The counts of rare and large-intensity pulses that exceeded the significant height
threshold in (b) manifest the variation of extreme pulses in a range of system parameters. The color bar in (b) is presented as a log scale for better visualization
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We have drawn the probability distribution function (PDF) for both chaotic and extreme events’ time series to demonstrate the
different aspects of the discrete complex dynamics in the CO; laser model. For calculating PDFs, we have taken a significantly
larger length of time series data after discarding sufficient transient time. Figure 3a portrays the PDF for chaotic dynamics for €
= 1.6415 representing the existence of chaotic states in a restricted region and also located below the significant height threshold
(vertical dashed line). Conversely, for a larger value of modulation depth € = 1.6416, we have obtained a completely different shapes
of the distribution. Indeed, the occasional extreme pulses manifest a lower probability of their occurrence as compared with the
predominant probability of appearance in the bounded chaotic states, which is pictured in Fig. 3b. Hence, the PDF plot of Fig. 3b
depicts a heavy-tail distribution, which is a peculiar characteristic behavior of extreme events. In addition, we have confirmed that
the shape of the PDF of Fig. 3b is robust with respect to the different lengths of data taken for our analysis. Besides, in the tail region,
the rare large-intensity pulses exceed the qualifier threshold (H;). The Hy values for chaotic and extreme pulses are calculated from
their respective time series data.

Moreover, it is worthwhile to investigate the relation of the time difference between the consecutive extreme pules for a larger
range of temporal data. To perform such analysis, we have calculated the inter-event intervals (IEIs) of successive extreme pulses and
its corroborate PDF is showcased in Fig. 3c. The IEI probability distribution function for € = 1.6416 reveals a Poison-like distribution
denotes that the uncorrelated nature of the return time of successive extreme large-intensity pulses in the system. Further, we have
fitted the IEI probability distribution function with exponential decay function P(IEI) = ae(~'ED as a dashed line in Fig. 3c. The
fitting parameters value is chosen as a = 0.0588 and » = 0.0018.

Furthermore, we have illustrated that the formation of extreme large-intensity pulses in CO; laser is not restricted to a specific
range of control parameter value of modulation depth € and a fixed » = 200. We have identified the appearance of extreme pulses in a
specific range of parameter space while analyzing a distinct range of parameter values. Accordingly, a two-parameter phase diagram
portrayed in Fig. 4a, for a wide range of € € (1.60, 1.70) and r € (198.0, 202.0). In order to discriminate the existence of bounded
chaotic (dark magenta), extreme pulses (dark cyan), and multiple large-intensity pulses (yellow), we have used the significant height
threshold measure. The CO; laser model proves the advent of extreme large-intensity pulses for a specific range of parameter regions
(a dark cyan region in Fig. 4a). For a rigors analysis, near the transition point of Fig. 1, the system manifests only a few rare extreme
pulses. Nevertheless, a gradual increase of modulation depth € reveals a moderate increase in the number of extreme pulses in CO2
laser. Later, the system exhibits more frequent large expanded pulses for the higher values of modulation depth (when parameter
values reside in the yellow region of Fig. 4a) denoting that there is no significance in the existence of extreme pulses. Hence, it
is worth investigating the variation in the number of extreme pulses for a specific range of system parameter space. For that, we
define the quantity counts which represent the sum of a number of extreme pulses that exceed the significant height threshold; the
mathematical definition of this measure is discussed in detail [28]. The resultant count plot for a broader range of parameter space
is portrayed in Fig. 4b. The number of extreme pulses (counts) is represented as a color bar with a log scale for a preview of better
visualization. It can be inferred from Fig. 4b that the number of extreme events is gradually increasing and it attains a significant
quantity in the specific parameter range (color ranges of dark cyan to light yellow). Further, varying the modulation depth values,
the number of extreme pulses decreases sharply and finally turns into a large expanded chaotic region (dark magenta).

4 Mechanism: extreme pulse formation

In this section, we have illustrated the mechanism that is responsible for the formation of extreme pulses in the CO; laser. For that,
the vector field of the system is drawn for a specific range of system variables depicted in Fig. 5(a). Intriguingly, the system manifests
a discontinuous boundary X at x = 0.0, which is highlighted by blue and light yellow colors, respectively. These discontinuous
regions discriminate two different subspaces S; and S, thatis, x > 0.0 is one side S1, and x < 0.0 is another side S;. The vector field
aligns parallel with the discontinuous boundary. Within the shaded blue region, the vector field along the discontinuous boundary
directs the trajectory outward. This outward direction continues until reaching y = 4. At y = 4, the trajectory’s direction changes
downward, marked by the dashed red line. This alteration in the vector field’s direction at the discontinuous boundary (light yellow
region) defines the maximum amplitude of laser pulses, a topic to be discussed shortly. Exploring how the extreme large-intensity
pulses manifest in the laser system, the choice of an initial condition xq in the S region results in diverse attractors depending on the
trajectory’s distance from the discontinuous boundary. Close proximity to the boundary leads to different types of periodic or chaotic
attractors. Notably, trajectories approaching very close to the discontinuous region, a phenomenon known as grazing dynamics, and
exhibiting proximity to the discontinuous boundary experience sliding dynamics.

In sliding dynamics, the trajectory is trapped near the discontinuous boundary and slides along it following the vector field
direction, causing significant expansion due to the dynamical behavior of grazing-sliding bifurcation. Sliding occurs maximally
up to y = 4, coinciding with the change in the vector field’s direction. This change rejects the trajectory from the discontinuous
boundary, leading it to be repelled toward the subspace §1. The maximum values of the large excursion intensity are also supported
by the probability distribution plot of Fig. 3b, where the uttermost intensity of the system for extensive temporal evolutions is located
less than four. Note that, long excursions occur when the trajectory is trapped and sliding along the discontinuous boundary. It is
crucial to note that during grazing, trajectories do not approach the S> subspace, as the lasers’ intensity cannot take on negative
values.
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To ascertain more clarity of these dynamics, we have plotted a magnified phase portrait that exhibits extreme pules as shown in
Fig. 5b. The discontinuous region plotted as a dashed cyan line at x is equal to zero. It is clear from Fig. 5b that during the bounded
chaotic motion, the trajectories do not approach the discontinuous boundary. However, for a particular time interval, the trajectory
undergoes grazing as well as sliding dynamics which create a very large excursion from the bounded region of the system. Notable,
Suresh et al. reported in Ref. [16] that stick—slip dynamics induced extreme events in MEMS and parametrically driven CO; laser
model. In that case, large expansion originated only because of stick—slip bifurcation. Indeed, the stick—slip bifurcation is a generous
concept that illustrates an alternate appearance of sticking and slipping motion in the system. On the other hand, grazing-sliding
bifurcation takes place in a system owing to the near conduct dynamics of a trajectory with a sliding surface which creates a sudden
catastrophic shift in the system dynamics.

5 Prediction of extreme pulses in CO; laser

Finally, we have shown a simple and effective dynamical system approach to earlier prediction for extreme pulses in CO; laser. To
explore that, the magnified times series of both x(¢) and y(¢) is presented in Fig. 6a and b. First, we illustrate the reason behind the
existence of two distinct extreme pulses (ep] and ep>) with different amplitude in the system. Indeed, the appearance of different
amplitudes of extreme pulses depends on how closely the trajectories undergo into the discontinuous boundary. For example, the
extreme pulses ep, approach double times close to the discontinuous boundary as compared with ep, consequently, it manifests
a much larger expansion which is clearly shown in Fig. 6. In addition, there exists an intriguing relation between the commence
timing of sliding (¢;;) and the timing of the emergence of extreme pulses crossing the threshold (z,,) in the system presented in
Fig. 6b. Note that, the extreme pulses are not exhibited in the system at all times of the sliding process. For instance, if the trajectory
undergoes a shorter sliding motion and does not cross the qualifier threshold value (dashed red line), then the CO; laser does not
exemplify extreme pulses. Conversely, when the trajectory experienced a longer sliding motion near the discontinuous region, it led
to the emergence of extreme pulses in the system that also exceeded the significant height threshold value. For more clarity in this
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illustration, the sliding region of the trajectories splits into two parts: A and B. It is inferred Fig. 6b that if the trajectories sustained
within region A (shaded red region) prove the existence of non-extreme pulses in the system. On the other hand, when the trajectories
reach region B (shaded blue region), we can obtain the extreme pulses in the system. The time duration of A+B is the total sliding
time. While the B can be considered as the duration of extreme events. If the duration is less than or equal to A, then the events
become normal events. Along with one can determine, how close the trajectories are to the discontinuous boundary in a x variable,
which is used to identify the sliding distance of the trajectories in the y variable. Moreover, the time difference between ), - #y; is
known as early prediction time before the system emanates extreme pules. Noteworthy, an earlier prediction of extreme events in
various engineering models can be more beneficial to initiate early warnings, before the occurrence of catastrophic consequences
that are based on the specific system requirements.

6 Conclusion

In summary, we have identified the formation of extreme large-intensity pulses in the optically modulated CO; laser model. The
system manifests discrete complex dynamics for different choices of the system parameters. An abrupt surge appeared in the
model from the bounded motion into occasional large-intensity pulses. The extreme pulses emanated owing to the grazing-sliding
dynamics when the trajectories approached proximity to the discontinuous boundary of the system. We have presented discrete
statistical measures, namely significant height threshold, probability distribution function, and inter-event interval distribution to
ascertain the rare occurrence of extreme pulses in the system. In addition, we have shown the advent of extreme large-intensity pules
in a parameter space using the phase diagram. Besides, the distribution of a number of large-intensity pulses is shown as the counts
plot in a specific region of parameters in the system. Finally, we have illustrated the feasible early prediction of rare large-intensity
pulses in a CO; laser. Overall, these observations will provide better insight into the formation of specific unforeseen dynamics in
the laser model and the necessity of the awareness of their appearance while utilizing in the discrete application. Also, the proposed
forecasting analysis would be helpful to enhance the mitigation techniques.
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